























THE JOINTS PROBLEM
arXiv2008.01610 FOR VARIETIES
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with

Jonathan Tidor of HungHsunHansYu

Joints problem What's the max of joints
that N lines in 1133 can make

Ajoint is a point contained
in 3 non coplanarlines

ajoint

Examples K121Tgenericplanes

N lines flails pairwiseform

ANYjoints E N lines
TETE dtriplewise form

joints E N joints



Introducedby ftp.YIE.EaeddbfarnIsnoaeYibnYIaocnHy

Guth Katz 2010 N lines inR form 01NYjoints

subseq generalizedtoarbdim fields Ftd KaplanSharirshustin

Quitodrain

312
Yu Z 20191 optimalwrist E t N joints

Connections

Kakeya problem Wolff
oFinitefieldKakeya problem Dvi r polynomialmethod

Multilinear Kakoya jointsoftubes Bennett Carbery TaoGuth

Jointsofflats max joints for N planes in Fb
apointcontainedin atripleJ E 2dimflats
ofplanesinspanning indeepdirections

construction N
2
joints generic4flats

pairwise intersect planes

Why I likethis problem
triplewise intersect joints

natural extension ofthejoints problem

a key step in pf of jointsthm fails badly
need a new extension ofthepolynomialmethod

Incidence geometryforhigherdimensional objects



Prior results on joints of higherdim objects

Yang N planes in
1126 have N joints

Techniques GuthKatz polynomial partitioning

Limitations

Guth partitioningvarieties
Error term

SolymosiTao bounded degree Only IR

YuZ Carbery Iliopoulou N lines Mplanes inF'tmake 0 Nm2 joints
plane line

line line plane inindepdspanning
directions

Our results flidor Yu Z

Jointsofflats N planes in have 01N joints

Joints of varieties A setof 2dimvarieties in F
6

oftotaldegreeN has01N
2
joints

PtViVaVs regularpoint
tangentplanesatpspanning indep directions

Andmoregenerally

arbitrary dimensions prerforjointsoflines
several sets of varieties Cmultijoints

Eggo
bD

a countingjoints with multiplicities



view of theproof of KaplansharirshustinQuitodrain

Thm N lines in R hare 01N312 joints
Parameter counting deg

Using dimREM xd end mad

deducethat7nonzero polyg degECJ vanishingonjoints
Take g withmindeg J joints

Vanishing lemma a singleVariable polynomial cannot vanish moretimes

than its degree
A joints specific argument If all lines have CJ joints

then vanishinglemma g
vanishes onalllines 0g vanishes on alljoints
oneofOxyGg Ag isnonzerolowerdegvanish on alljoints

so some linehas ECJ joints Removethis line I repeat
J ECJ N Thus F 0114312

Howto generalizevanishing lemmato 2 var polynomials

Thmtidor Yu Z N planes in Rb have 01N 4 joints



Aboveproofwouldgeneralize it

Attempt I

g cRexDen vanishingatMY
distinctpoints g o

NO

Methodof multiplicities
Attempt It

gelRExifen vanishingtoorder n at a singlepoint g o
i.e guy titien

YES buthowdoesit help

Attempt

gcRlx.gl vanishing
to orders at a points g o

I dim NI linear constraints

NO e.g GHif ys
Lineardependencies among vanishing conditions
linear constraints on gtklx.ykn.eg.CO dyyglp O forsomefixedp
viewed as both derivativeop point

linearfunctionals on RExylen



Key idea 1 Collecting linearly indep vanishingconditions

Restricting to a plane for now

Wewill construct a set of dimkx.yk.it
i

i

linearly indep vanishing conditions on Raben

ip Attached to
each point p is a set

f Vanishing conditions for gelRExifen
glp 0 dxglpt O.gg pOOxxglpO 7xyglpl O oyyglp O 9xxxgyp1 0

i j
The above vanishing conditions attached to
several different points are tin deep

3 as linear functionals on Rtxg en



We will select a basisof linearfunctionalson REXiden
via the following procedure

First attempt
cycle through the points on theplane

Pi PzPs Pi PzPs Pi PzPs

p add vanishing condition glp.to
p add vanishing conditionglp.to if nonredundant

p iadd a nonredundantsubsetofdxglp.to Iglp.to
Inone impliedbyotheradded t prevadded
ie basisextension

pi add a nonredundantsubsetofdxglpt o.gg431 0andso on

Can we control the van cond attached to eachpt

Example
c

ptsongridgetwaymore
UNDESIRABLE Vanishingconditions thanpts ontheline

This examplealsocomesup for inverseBEZout seeTaoblog



Key idea2 Let some points get a head start
j PiPs ipso Pii ipso I Pi ipso Pi Ploo pi iPloo

J
Handicap Trek assigns an integer to each point
e.g points a b c d e

handicap 0 I 3 O l
order c c b c ab od ab c de abode
Modify process of assigning vanishing conditions
c add a nonredundantset of 0thorderderivative vanishing c

C 1st c

b Oth b
c 2nd c

a 0th a

Wafetzag good
choiceof handicaps treatingalljointsfairly

Handicap a partitionof 414 among joints
Hardto compute

dimRaiden C vanishcard assigned

Key idea 3 Existence ofgoodhandicap via
compactness smoothing

Monotonicity app ran condatp cannot I

Lipschitz continuity smallA in handicap smallA in vancord

Bounded domain suffices to considerhandicapswith
bounded values elsesome getsno vanand



Putting different planes together

Handicap the 2J assigns an integer to eachjoint

separately for each plane F apply above process
to assign vanishing conditions a derivativeop point

restricted to F to joints on F

A new vanishing lemma Given OtgcIRA yXDen
I joint p contained in planes FiFrFs Cindepdspanningdirections
derivativeoperatorD assignedto p on F lollikewiseDa B
s t D DaD glp f 0
Remark a We are assigningonly a small possibleDip elseclaimistrivial

bTheproofrelieson CD.pl's comingfromthe procedureearlier

Byparameter counting
linearconstraints

joiTZpBLE.PLDhmEtDnEPl3dimREh xDen ntY

Bycompactnesssmoothing
contifiletingthehandicap I that minimizes

mpaxHI.pl mintIIp
we deduce that I st old
Total ME vanishingcond assigned to eachplane

Puttingtogether AM am joints of flat theorem a



Jointsofvarieties
Flats higherorderdirectional directives along a flat
Varieties derivatives in local coordinates

eg fHE on the circle

y x4y Powerseries in localword
x't x'tyy X

x'tH'thityy T
Completion

X't X4 2 6 t
2ndorderderivative operator attheorigin is L t 8g not
so that evaluations give linearfunctionalon the
space of regularfunctions

Extension to arbitraryfields F
When differentiating we only care about coeff extraction

Hasse derivatives formal algebraic derivatives

Question otherapplications of this variant
of polynomialmethod for higher dim objects


