CONGRUENCES AND DIVISIBILITY
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1 Lecture Notes

1.1 Introduction

Our main object of study is the partition function p(n). The definition of p(n) is purely combi-
natorial.

Definition 1. Let n be a positive integer. The partition function p(n) is defined as
p(n) =#{(ar, - ,ap) 1 k>1,1<ay <ag <--- <ap,a1+---+ap =n,a; € L7},

the number of all possible partitions of n, where permutations of a partition are counted as the
same.

For example, all possible partitions of the first five integers are

1=1.

2=1+1=2.

3=14+1+1=1+2=3.

4=14+14+14+1=14+1+2=1+3=2+2=4.
9=14+1+14+14+1=14+14+14+2=14+14+3=1+24+2=14+4=2+3=05.

So the sequence p(n) starts as(by convention p(0) = 1)
1,1,2,3,5,7,11,15,22, - - - .

There’s a plethora of result about p(n). We will focus the congruence pattern of p(n). For example,
the Fibonacci numbers
1,1,2,3,5,8,13,21,34, - - -

has a clear parity pattern
1,1,0,1,1,0,1,1,0,--- .

Let’s examine the parity pattern of p(n), which is given by

171717(]’1’1’1717170707070)"'



Seems strange? Let’s try mod 3
1717152507271727072707'"
However, Ramanujan looked further, and discovered a remarkable pattern.

Theorem 2. For any positive integer n, we have
p(5n + 4) = 0(mod5),

p(7n +5) = 0(mod7),
p(11n + 6) = 0(mod11).

1.2 Proof of Ramanujan Congruence mod 5

We will prove the Ramanujan Congruences via generating functions, following Hirschhorn in A
short and simple proof of Ramanujan’s modl1l partition congruence. We look at the generating

function in ¢
oo
> p(n)g".
n=0
Then we can show that
> 1
pP(n)q" = w7
nz_;) [ (1 —q)

The denominator is usually denoted by (¢ : ¢)oo. We now note several important formulas, dating
back to Euler and Jacobi.

Theorem 3.

(¢: @)oo = D (—1)"g® /2,
nez

o0

(a: )% = 3 (=1)"(2n + 1)gr*+m/2,

n=0

Now write

0 . . N3
Zp(n)qn — (q . Q)O.O(qE)- Q)oo )
n=0

And modulo 5 on both sides.

1.3 The Jacobi Triple Product Identity

It remains to show Theorem [3| It is a special case of the following result.

Theorem 4 (Jacobi Triple Product). The following holds as formal series

0o oo
H (1 _ q2m)(1 + qum—l)(l + w—1q2m—1) _ Z wnan'
m=1 n=—o0o0



1.4 Ramanujan’s Original Proof

Finally, we briefly describe how Ramanujan showed these congruences in the first place. For more
details, see Ramanujan’s Unpublished Manuscript on the Partition and Tau Functions with Proofs
and Commentary by Berndt and Ono.

In fact we will show something stronger.

Theorem 5.
p(25n — 1) = 0(mod25)

Proof. Define
[0.9]
P=1- 24201(n)q”,
n=1

Q=1+240)a3(n)q",

n=1
R=1- 504205(n)q".
n=1

These are called Eisenstein series. Ramanujan noted the following identitiesE].

Q% — R? =1728¢(q : q)%,

Q* — PR=1008) nos(n)q"

n=1
Q- P? =288 noi(n)q".
n=1
Can you now finish the proof for Ramanujan? O

1.5 Further works

Atkin: Ramanujan congruence for all powers of 5,7,11, and Ramanujan congruence modulo 13:
p(11% - 13n + C) = 0(mod13).
Ono: Ramanujan congruence for all primes m > 13. But not explicit.

Radu(Subbarao’s Conjecture): Ramanujan congruence does not exist modulo 2, 3.

!These identities are not that surprising once you learned the basics of modular forms



2 Exercises

1.

The Ramanujan 7 function is defined as the coefficient of the series
o
> ()" = qlq: @)%
n=1

Ramanujan studied 7(n) alongside p(n), and obtained a fountain of results. Here you can
prove some of them.

e Show that 7(n) = noy(n)(mod2).
e Show that 7(n) = noy(n)(mod3).
e Show that 7(n) = noy(n)(mod5).
. Let n1,n9,...,ns be distinct integers such that

(n1+k)(ng+ k) (ns + k)

is an integral multiple of ning - - - ng for every integer k. For each of the following assertions,
give a proof or a counterexample:

e |n;| =1 for some 1.

e If further all n; are positive, then

{ni,n9,...,ns} =41,2,...,s}.

. How many coefficients of the polynomial

Po(x1,...,2,) = H (x; + xj)

1<i<j<n

are odd?

. If p is a prime number greater than 3 and k = |2p/3], prove that the sum

(§)+<g)+...+<g>

of binomial coefficients is divisible by p?.

. Do there exist positive integers a and b with b — a > 1 such for every a < k < b, either

ged(a, k) > 1 or ged(b, k) > 17

. Suppose that f(x) and g(x) are polynomials (with f(z) not identically 0) taking integers to

integers such that for all n € Z, either f(n) =0 or f(n)|g(n). Show that f(z)|g(x), i.e., there
is a polynomial h(z) with rational coefficients such that g(x) = f(z)h(z).

Let ¢ be an odd positive integer, and let N, denote the number of integers a such that
0 < a < g/4 and ged(a,q) = 1. Show that N, is odd if and only if g is of the form p* with k
a positive integer and p a prime congruent to 5 or 7 modulo 8.



10.

11.

12.

13.

14.

15.
16.
17.

18.

19.

20.

. Let p be in the set {3,5,7,11,...} of odd primes, and let

Fn)=1+2n+3n>+ - +(p—1)nP2

Prove that if a and b are distinct integers in {0,1,2,...,p — 1} then F(a) and F(b) are not
congruent modulo p, that is, F'(a) — F(b) is not exactly divisible by p.

. Do there exist 1,000,000 consecutive integers each of which contains a repeated prime factor?

A positive integer n is powerful if for every prime p dividing n, we have that p? divides n.
Show that for any k& > 1 there exist k consecutive integers, none of which is powerful.

Show that for any k& > 1 there exist k consecutive positive integers, none of which is a sum of
two squares. (You may use the fact that a positive integer n is a sum of two squares if and
only if for every prime p = 3 (mod4), the largest power of p dividing n is an even power of

p.)

Prove that every positive integer has a multiple whose decimal representation involves all ten
digits.

Prove that among any ten consecutive integers at least one is relatively prime to each of the
others.

Find the length of the longest sequence of equal nonzero digits in which an integral square
can terminate (in base 10), and find the smallest square which terminates in such a sequence.

Show that if n is an integer greater than 1, then n does not divide 2™ — 1.
Show that if n is an odd integer greater than 1, then n does not divide 2™ + 2.

* For positive integer a, we define the series

fa(Q) = Z qk'

k>0,ak+1 is a square
Find all positive integer triples (a, b, ¢) such that
fa(a) = fo(a) fe(g) mod 2

which means that the corresponding coefficients match modulo 2. (Hint: Use a computer to
find a few triple, then look for patterns.)

Define a sequence {a;} by a1 = 3 and a;41 = 3% for ¢ > 1. Which integers between 00 and
99 inclusive occur as the last two digits in the decimal expansion of infinitely many a;?

What is the units (i.e., rightmost) digit of

1020000
|7
[10100 ¥ 3] '

Here [z] is the greatest integer < x.
Suppose p is an odd prime. Prove that

S () (75) =2 ot

Jj=0



21.

22.

23.

24.

25.

26.

27.

28.

29.

Prove that for n > 2,

n terms n—1 terms
.2 .2
227 = 22 (mod n).
The sequence (ap)n>1 is defined by a1 = 1, as = 2, ag = 24, and, for n > 4,

2 2
6as_1an—3 — 8an—1a;_»

QAp =
(n—20n—-3

Show that, for all n, a, is an integer multiple of n.

gcd(z% n) C;)

is an integer for all pairs of integers n > m > 1.

Prove that the expression

Show that for each positive integer n,
n
n! = chm{l, 2,...,|n/il}.
i=1

(Here lem denotes the least common multiple, and |[z] denotes the greatest integer < z.)

Define a sequence {uy,}2°, by up = u; = ug = 1, and thereafter by the condition that

det< tn Ut > =l
Up+2 Un+3
for all n > 0. Show that w,, is an integer for all n. (By convention, 0! = 1.)

Let p be a prime number. Let h(z) be a polynomial with integer coefficients such that
h(0), h(1),..., h(p?—1) are distinct modulo p?. Show that h(0), h(1),...,h(p>—1) are distinct
modulo p?.

* Define ag = a1 = 1 and

Is a, an integer for all n > 07

Let f(xz) = ap + a1z + - -+ be a power series with integer coefficients, with ag # 0. Suppose
that the power series expansion of f'(z)/f(x) at = = 0 also has integer coefficients. Prove or
disprove that agla, for all n > 0.

For each positive integer n, let S,, denote the set of positive integers (a1, - ,a,) such that

(1) a1 <az < < ap.

(2)

is an integer.

Prove that S, is a finite set, and |S,| > ?—;.



30.

31.

32.

33.

34.

35.

36.

37.

Let S be a set of rational numbers such that

(a) 0€S;
(b) f ze Sthenx+1€ Sand xz—1€S;and
(c) Ifx € Sand z ¢ {0,1}, then 1/(z(x — 1)) € S.

Must S contain all rational numbers?
Prove that for each positive integer n, the number 1010 +10'9" 4+ 10™ — 1 is not prime.

Let p be an odd prime. Show that for at least (p + 1)/2 values of n in {0,1,2,...,p — 1},
Zi;é k!nF is not divisible by p.

Let a and b be distinct rational numbers such that a™ —b™ is an integer for all positive integers
n. Prove or disprove that a and b must themselves be integers.

Find the smallest integer n > 2 for which there exists an integer m with the following
property: for each i € {1,...,n}, there exists j € {1,...,n} different from i such that
ged(m +i,m + j) > 1.

Let p be an odd prime number such that p = 2 (mod 3). Define a permutation 7 of the
residue classes modulo p by 7(x) = 23 (mod p). Show that 7 is an even permutation if and
only if p =3 (mod 4).

Suppose that a positive integer N can be expressed as the sum of k consecutive positive
integers
N=a+(@+1)+(a+2)+ ---+(a+k—-1)

for £k = 2017 but for no other values of £ > 1. Considering all positive integers N with this
property, what is the smallest positive integer a that occurs in any of these expressions?

Let n be a positive integers. Prove that

Zn: YEV2=D] > .

k=1
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