Oberwolfach Report: Combinatorics, January 2014
The Green-Tao theorem and a relative Szemerédi theorem
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The celebrated Green-Tao theorem [4] states that the primes contain arbitrarily long
arithmetic progressions. The main technical result in their work is a relative Szemerédi
theorem. Szemerédi’s theorem [5] states that any subset of the integers with positive upper
density contains arbitrarily long arithmetic progressions. A relative Szemerédi theorem is a
result where the ground set is no longer Z but some sparse pseudorandom subset (or more
generally some measure).
Green and Tao proved a relative Szemerédi theorem where the ground set satisfies certain pseudorandomness conditions known as the linear forms condition and the correlation
condition. They then constructed a majorizing measure to the primes, using ideas from
the work of Goldston and Yıldırım [3], so that this majorizing measure satisfies the desired
pseudorandomness conditions.
In our work [1, 8], we significantly simplify the proof of the Green-Tao theorem. We show
that a relative Szemerédi theorem holds under much weaker pseudorandomness hypotheses. Namely, we only need a weaker version of Green-Tao’s linear forms condition, and we
completely get rid of the need for a correlation condition.
Here is a weighted formulation of Szemerédi’s theorem (it is equivalent to the usual statement about subsets of Z with positive density).
Theorem 1 (Szemerédi’s theorem, weighted version). Let k ≥ 3 and 0 < δ ≤ 1 be fixed. Let
f : ZN → [0, 1] be a function satisfying E[f ] ≥ δ. Then
(1)

Ex,d∈ZN [f (x)f (x + d)f (x + 2d) · · · f (x + (k − 1)d)] ≥ c(k, δ) − ok,δ (1)

for some constant c(k, δ) > 0 which does not depend on f or N .
For a relative Szemerédi theorem, we have a pseudorandom majorizing measure ν : ZN →
[0, ∞), and f : ZN → [0, ∞) is assumed to satisfy 0 ≤ f ≤ ν pointwise. Here the function
N
ν is normalized so that E[ν] = 1 + o(1). For instance, one can think of ν as |S|
1S for some
pseudorandom subset S ⊆ ZN , and f as 1A ν with some A ⊆ S.
Definition 2 (Linear forms condition). A nonnegative function ν = ν (N ) : ZN → R≥0 is
said to obey the k-linear forms condition if one has
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for any choice of exponents nj,ω ∈ {0, 1}.
Example 3. For k = 3, condition (2) says that
Ex,x0 ,y,y0 ,z,z0 ∈ZN [ν(y + 2z)ν(y 0 + 2z)ν(y + 2z 0 )ν(y 0 + 2z 0 )·
(3)

· ν(−x + z)ν(−x0 + z)ν(−x + z 0 )ν(−x0 + z 0 )·
· ν(−2x − y)ν(−2x0 − y)ν(−2x − y 0 )ν(−2x0 − y 0 )] = 1 + o(1)

and similar conditions hold if one or more of the twelve ν factors in the expectation are
erased.
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Observe that (3) is the density of K2,2,2 in some tripartite graph constructed from ν.
Here is our main result. (This version is from [8]. In [1] we prove the same result without
the additional conclusion that c(k, δ) can be made the same as in Theorem 1.)
Theorem 4 (Relative Szemerédi theorem). Let k ≥ 3 and 0 < δ ≤ 1 be fixed. Let ν : ZN →
[0, ∞) satisfy the k-linear forms condition. Assume that N is sufficiently large and relatively
prime to (k − 1)!. Let f : ZN → [0, ∞) satisfy 0 ≤ f (x) ≤ ν(x) for all x ∈ ZN and E[f ] ≥ δ.
Then
(4)

E[f (x)f (x + d)f (x + 2d) · · · f (x + (k − 1)d)|x, d ∈ ZN ] ≥ c(k, δ) − ok,δ (1),

where c(k, δ) is the same constant which appears in Theorem 1. The rate at which the ok,δ (1)
term goes to zero depends not only on k and δ but also the rate of convergence in the k-linear
forms condition for ν.
Here is an overview of the proof. Starting with 0 ≤ f ≤ ν, by a dense model theorem, one
can approximate f by some f˜: ZN → [0, 1]. Note that f is bounded by 1, so it is a dense
object. The dense model f˜ is a good approximation of f in terms of a certain cut norm,
which we won’t define here. A counting lemma (which is the main new technical advance
in our work) implies that the k-AP count in f must be similar to the k-AP count in f˜. By
Theorem 1, the k-AP count in f˜ can be bounded from below by c(k, δ) − o(1), and thus the
same must be true for the k-AP count in f due to the counting lemma.
This is the same strategy taken in the original Green-Tao proof. However, instead of
approximating f by f˜ in terms of a cut norm, they rely on a notion based on the Gowers
uniformity norm. By using the cut norm, we obtain a cheaper dense model theorem, at the
cost of a trickier counting lemma. This simplifies the proof significantly.
The strategy described above was the approach taken in [8]. A different approach was
taken in our earlier paper [1] where we transfer the hypergraph removal lemma to obtain
a sparse relative hypergraph removal lemma, from which we deduce the relative Szemerédi
theorem (this is similar in spirit to Tao’s proof [6, 7] that the Gaussian primes contain
arbitrary constellations).
We are currently preparing an exposition [2] of the complete proof of the Green-Tao
theorem (assuming Szemerédi’s theorem), incorporating all the simplifications that have
taken place since the original proof.
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