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GRAPH THEORY AND ADDITIVE COMBINATORICS
MIT 18.225 (FALL 2023)
PROBLEM SET

https://yufeizhao.com/gtac/

A. RAMSEY

Upper bound on Ramsey numbers. Let s and t be positive integers. Show that if the edges

of a complete graph on (SJSFEIQ) vertices are colored with red and blue, then there must be

either a red K or a blue Kj.

Ramsey’s theorem. Show that for every s and r there exists some N = N(s,r) such that

every coloring of the edges of K using r colors, there exists some monochromatic copy clique

on s vertices. Also, generalize this statement to hypergraphs.

Prove that it is possible to color N using two colors so that there is no infinitely long monochro-

matic arithmetic progression.

Many monochromatic triangles

(a) True or false: If the edges of K, are colored using 2 colors, then at least 1/4 — o(1)
fraction of all triangles are monochromatic. (Note that 1/4 is the fraction one expects
if the edges were colored uniformly at random.)

(b) True or false: if the edges of K, are colored using 3 colors, then at least 1/9 — o(1)

fraction of all triangles are monochromatic.

B. FORBIDDING A SUBGRAPH

Show that a graph with n vertices and m edges has at least % (m — %2> triangles.

Prove that every n-vertex nonbipartite triangle-free graph has at most (n — 1)2/4 + 1 edges.
Show that every m-vertex triangle-free graph with minimum degree greater than 2n/5 is
bipartite.

Mantel stability. Let G be an n-vertex triangle-free graph with at least an /4J — k edges.
Prove that G can be made bipartite by removing at most k& edges.

Turdn stability. Let G be an n-vertex K, i-free graph with at least e(T},,) — k edges, where
T, is the Turan graph. Prove that G' can be made r-partite by removing at most k edges.

Prove that every n-vertex graph with at least |n?/4| + 1 edges contains at least [n/2]
triangles.

Let G be an n-vertex graph with LnQ / 4J — k edges (here k € Z) and ¢ triangles. Prove that G
can be made bipartite by removing at most k + 6t/n edges, and that this constant 6 is best
possible.

Prove that every n-vertex graph with at least LnQ / 4J + 1 edges contains some edge in at least

(1/6 — o(1))n triangles, and that this constant 1/6 is best possible.
1
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Large induced bipartite subgraph. Prove that for every € > 0, there exist §, C' > 0 so that the
following holds. If G is an n-vertex graph with at least n?/4 edges such that every edge of G
lies in at most (1/2 — €)n triangles, and the number of triangles ¢ of G is at most én?, then
there is an induced bipartite subgraph containing all but at most Ct/n? vertices of G.

Let G be a K,41-free graph. Prove that there is another graph H on the same vertex set as
G such that x(H) <r and dy(z) > dg(z) for every vertex x (here dy(x) is the degree of z
in H, and likewise with dg(z) for G). Give another proof of Turan’s theorem from this fact.
Let X and Y be independent and identically distributed random vectors in R? according to

some arbitrary probability distribution. Prove that
1
PIX+Y]>1) > SP(X] > 1)%

Let S be a set of n points in the plane, with the property that no two points are at distance
greater than 1. Show that S has at most LnQ / 3J pairs of points at distance greater than
1/v/2. Also, show that the bound |n?/3] is tight (i.e., cannot be improved).

Density Ramsey. Prove that for every s and r, there exist ¢ > 0 and ng such that for all
n > ny, if the edges of K, are colored using r colors, then at least ¢ fraction of all copies of
K are monochromatic.

Density Szemerédi. Let k > 3. Assuming Szemerédi’s theorem for k-term arithmetic progres-
sions (i.e., every subset of [N] without a k-term arithmetic progression has size o(N)), prove
the following density version of Szemerédi’s theorem:

For every § > 0 there exist ¢ > 0 and Ny (both depending only on k and §) such that for
every A C [N] with |A| > 6N and N > Ny, the number of k-term arithmetic progressions in
A is at least cN2.

(How not to define density in a product set) Let S C Z2. Define

B SN (A x B)]
W= R AR
|A|=|B|=k

Show that limy_, . di(S) exists and is always either 0 or 1.

(Note: You are only allowed to invoke theorems we proved in class.)

Show that a Cy-free bipartite graph between two vertex parts of sizes a and b has at most
ab'/? 4+ b edges.

Show that, for every € > 0, there exists § > 0 such that every graph with n vertices and at
least en? edges contains a copy of K, where s > dlogn and t > n0-99,

Density version of Kévdri-Sés—Turdn. Prove that for every positive integers s < t, there are
constants C, ¢ > 0 such that every n-vertex graph with p(g) edges contains at least cp*insTt
copies of K, provided that p > Cn~1/s,

(Note: check that you are using p > Cn~'* to avoid a common mistake.)

Erdds—Stone theorem for hypergraphs. Let H be an r-graph. Show that w(H[s]) = n(H),
where Hs], the s-blow-up of H, is obtained by replacing every vertex of H by s duplicates
of itself.

Let T be a tree with k edges. Show that ex(n,T) < kn.
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Find a graph H with x(H) = 3 and ex(n, H) > inQ +n9 for all sufficiently large n.

The next two problems concern the dependent random choice technique.
Let € > 0. Show that, for sufficiently large n, every Ky-free graph with n vertices and at least
en? edges contains an independent set of size at least n!' .
Eztremal numbers of degenerate graphs
(a) Prove that there is some absolute constant ¢ > 0 so that for every positive integer r, every

2=¢/7 edges contains disjoint non-empty vertex subsets A

n-vertex graph with at least n
and B such that every subset of at most r vertices in A has at least n® common neighbors
in B and every subset of at most r vertices in B has at least n® neighbors in A.

(b) We say that a graph H is r-degenerate if its vertices can be ordered so that every vertex
has at most r neighbors that appear before it in the ordering. Show that for every r-
degenerate bipartite graph H there is some constant C' > 0 so that ex(n, H) < Cn2=¢/r,

where ¢ is the same absolute constant from part (a) (¢ should not depend on H or r).

C. GRAPH REGULARITY METHOD

You are welcome to apply the equitable version of the graph regularity lemma.

C1.

C2.

C3.

ps2 C4.

C5.

ps2

c.

Basic inheritance of reqularity. Let G be a graph and X, Y C V(G). If (X,Y) is an en-regular
pair, then (X', Y”) is e-regular for all X' C X with |X'| > n|X|and Y’ C Y with |Y'| > n|Y].
An alternate definition of reqular pairs. Let G be a graph and X, Y C V(G). Say that (X,Y)
is e-homogeneous if for all A C X and B C Y, one has

le(A, B) — [A[|B]d(X,Y)| < e|X[|Y].

Show that if (X,Y) is eregular, then it is e-homogeneous. Also, show that if (X,Y) is

e3-homogeneous, then it is e-regular.

Robustness of reqularity. Prove that for every ¢ > € > 0, there exists 6 > 0 so that given an e-

regular pair (X, Y') in some graph, if we modify the graph by adding/deleting < ¢ | X | vertices

to/from X, adding/deleting < §|Y| vertices to/from Y, and adding/deleting < ¢ |X||Y|

edges, then the resulting new (X,Y) is still ¢’-regular.

Ezxistence of a large reqular pair. Show that there is some absolute constant C' > 0 such that

for every 0 < € < 1/2, every graph on n vertices contains an e-regular pair of vertex subsets

each with size at least dn, where § = 2.

Ezistence of a regular set. Given a graph G, we say that X C V(G) is e-regular if the pair

(X, X) is e-regular, i.e., for all A, B C X with |A|, |B| > €| X]|, one has |d(A, B)—d(X, X)| <e.

This problem asks for two different proofs of the claim: for every e > 0, there exists § > 0

such that every n-vertex graph contains an e-regular subset of vertices of size at least dn.

(a) Prove the claim using the graph regularity lemma by showing that an e-regular subset
can be produced by combining parts from some regularity partition.

(b) Give an alternative proof of the claim showing that one can take § = exp(— exp(e~¢))
for some constant C.

Regularity partition into reqular sets. Prove that for every € > 0 there exists M so that every

graph has an e-regular partition into at most M parts, with each part e-regular with itself.
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C7. Making each part regular to nearly all other parts. Prove that for all ¢ > 0 and mg, there
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exists a constant M so that every graph has an equitable vertex partition into k£ parts, with
mo < k < M, such that each part is e-regular with all but at most ek other parts.

Unavoidability of irregular pairs. Let the half-graph H, be the bipartite graph on 2n vertices

{a1,...,apn,b1,...,b,} with edges {a;b; : i < j}.

(a) For every e > 0, explicitly construct an e-regular partition of H,, into O(1/¢) parts.

(b) Show that there is some € > 0 such that for every integer k and sufficiently large multiple
n of k, every partition of the vertices of H,, into k equal-sized parts contains at least ek
pairs of parts none of which are e-regular.

Diamond-free reduz. Prove that each of the following statements is equivalent to the diamond-

free lemma (GTAC Corollary 2.3.3).

(a) The (6,3) theorem. Let H be an n-vertex 3-uniform hypergraph without a subgraph
having 6 vertices and 3 edges. Then H has o(n?) edges.

(b) Induced matchings. Every n-vertex graph that is a union of n induced matchings has
o(n?) edges.

(An induced matching is an induced subgraph that is also a matching. For example, K» 2 is not the
union of two induced matchings, but it is the union of four induced matchings each being a single edge.)

Arithmetic triangle removal lemma. Show that for every € > 0, there exists § > 0 such that

if A C [n] has fewer than dn? many triples (x,y,z) € A® with z +y = 2, then there is some
B C A with |A\ B| < en such that B is sum-free, i.e., there do not exist z,y,z € B with
r+y==z.

Avoiding length-5 quadratic configurations. Show that there is some constant C' > 0 so that

for every N there is a subset S C [N] with |S| > Ne~CVI%sN such that there does not exist

a nonconstant quadratic polynomial P with P(0), P(1), P(2), P(3),P(4) € S.

Ramsey—Turdn.

(a) Show that for every € > 0, there exists 6 > 0 such that every n-vertex Ky-free graph
with independence number at most 6n has at most (3 + €)n? edges.

(b) Show that for every e > 0, there exists § > 0 such that every n-vertex Ky-free graph with
at least (é — 6)n? edges and independence number at most én can be made bipartite by
removing at most en’ edges.

Nearly homogeneous subset. Show that for every H and e¢ > 0, there exists § > 0 such that

every graph on n vertices without an induced copy of H contains an induced subgraph on at

least dn vertices whose edge density is at most € or at least 1 — e.

Ramsey numbers of bounded degree graphs. Show that for every A, there exists a constant

Ca so that if H is a graph with maximum degree at most A, then every 2-edge-coloring of a

complete graph on at least Cav(H) vertices contains a monochromatic copy of H.

Counting H-free graphs. Let H be a graph. Show that the number of H-free graphs on an

n-vertex set is 2ex(mH)+o(n?),

Induced Ramsey. Show that for every graph H, there is some graph G such that every

2-edge-coloring of G has an induced monochromatic copy of H.
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Show that for every a > 0, there exists 5 > 0 such that every n-vertex graph with at least
an? edges contains a d-regular subgraph for some d > n (here d-regular refers to every
vertex having degree d).

Multidimensional Szemerédi for four-point patterns. For this problem, you should assume
GTAC Corollary 2.10.2 (of the tetrahedron removal lemma).

(a) Three-dimensional corners. Suppose A C [N]? contains no four points of the form
(x,y,2), (x+d,y,2), (z,y+d,z), (x,y,z+d), withd > 0.

Show that |A| = o(N3).
(b) Awis-aligned squares. Suppose A C [N]? contains no four points of the form

(z,y), (x+d,y), (x,y+d), (x+d,y+d), withd>D0.
Show that |A| = o(N?).

D. PSEUDORANDOM GRAPHS

Let g be a prime. Let S C F,U{oo}. Construct a graph G on vertex set Fg where two points
are joined if the slope of the line connecting them lies in S. Viewed as a sequence of graphs
as ¢ — oo, prove that G is quasirandom as long as |S| /q converges to a limit.
Nearly optimal Cy-free graphs are sparse quasirandom. Let G, be a sequence of n-vertex
Cy-free graphs with (1/2 — o(1))n3/? edges. Prove that eg, (A, B) = n~Y/2|A||B| + o(n®?)
for every A, B C V(Gy).

w1001} LS oY jo jooid ayy pue joord DSIA <= DHHAAOD Y3 HISMAY :JUI]
Quasirandomness through fized sized subsets. Fix p € [0,1]. Let (G,) be a sequence with
v(Gp) = n. Write G = G,,.
(a) Fix a single a € (0,1). Suppose

pa’n?

2
Prove that G is quasirandom.

(b) Fix a single o € (0,1/2). Write S = V(G) \ S. Suppose

e(S) + o(n?) for all S C V(G) with S = |an].

e(8,8) = pa(l — a)n® + o(n?) for all S C V(G) with S = |an] .

Prove that G is quasirandom. Furthermore, show that the conclusion is false for & = 1/2.
Quasirandomness and regularity partitions. Fix p € [0,1]. Let (Gy,) be a sequence of graphs
with v(G,) — co. Suppose that for every e > 0, there exists M = M(e) so that each G,, has
an e-regular partition where all but e-fraction of vertex pairs lie between pairs of parts with
edge density p + o(1) (as n — o0). Prove that G, is quasirandom.

Triangle counts on induced subgraphs. Fix p € (0,1]. Let (Gy) be a sequence of graphs with
v(Gp) = n. Let G = G,. Suppose that for every S C V(G), the number of triangles in the
induced subgraph G[S] is p3(|§|) + o(n3). Prove that G is quasirandom.
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D6. Prove that there are constants [3,e > 0 such that for every even positive integer n and real
p > n~B if G is an n-vertex graph where every vertex has degree (1 4 €)pn (meaning within

epn of pn) and every pair of vertices has codegree (1 + ¢)p?n, then G has a perfect matching.

The next two exercises ask you to prove Cheeger’s inequality:
k/2 < h <V2dk

for every d-regular graph with spectral gap kK = d — Ao and edge-expansion ratio

hi= i 9B VAS)
SCv S|
0<|SI<|V]/2

ps4 D7. Spectral gap implies expansion. Prove that every d-regular graph with spectral gap x has
edge-expansion ratio > k/2.

ps4 D8. Ezpansion implies spectral gap. Let G = (V, E) be a connected d-regular graph with spectral
gap k. Let £ = (2,)ver € RY be an eigenvector associated to the second largest eigenvalue
Ao = d — k of the adjacency matrix of G. Assume that z, > 0 on at most half of the vertex
set (or else we replace x by —z). Let ¥ = (4, )ver € RV be obtained from x by replacing all
its negative coordinates by zero.
(a) Prove that

~ (y, Ay) <x
(v, 9)
g MM = ATy yey) [[e0al uIf]
(b) Let
2 2
0= Z ‘yu - yv‘ :
uveEE
Prove that
©% < 2d(d (y.y) — (y. Ay) (v.y)
‘zremyog—Ayone)) Addy (i + "h) (Y — ") = i — 2 yurg
(c) Relabel the vertex set V by [n] so that y1 > yo-+- >y >0 =yi41 = -+ - = yp. Prove

t
O = (4% — 1) e((k], [n] \ [k).
k=1

(d) Prove that for some 1 < k < ¢,

e[k I\ [k) _ @
k ~ (yy)
(e) Prove the G has edge-expansion ratio < v/2dk.
D9. Independence number. Prove that every independent set in a (n,d, \)-graph has size at most
nA/(d+ N).
D10. Diameter. Prove that the diameter of an (n,d, \)—graph is at most [logn/log(d/A)]. (The
diameter of a graph is the maximum distance between a pair of vertices.)
D11. Counting cliques. For each part below, prove that for every e > 0, there exists § > 0 such
that the conclusion holds for every (n,d, \)-graph G with d = pn.
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(a) If A < 8p®n, then the number of triangles of G is within a 1 + € factor of p? (g)
(b) If X < 6pn, then the number of Ky’s in G is within a 1 & € factor of p(7).
Let p be an odd prime and A, B C Z/pZ. Show that

>3 ()] < vorarm

acAbeB

where (a/p) is the Legendre symbol defined by

0 ifa=0 (modp),
a
<> =41 if a is a nonzero quadratic residue mod p,

—1 if a is a quadratic nonresidue mod p.

No spectral gap if too few generators. Prove that for every e > 0 there is some ¢ > 0 such
that for every S C Z/nZ with 0 ¢ S = —S and |S| < clogn, the second largest eigenvalue of
the adjacency matrix of Cay(Z/nZ,S) is at least (1 —¢€)|S|.

Let p be a prime and let S be a multiplicative subgroup of F,;. Suppose —1 € S. Prove that
all eigenvalues of the adjacency matrix of Cay(Z/pZ, S), other than the top one, are at most
/D in absolute value.

Growth and expansion in quasirandom groups. Let I' be a finite group with no non-trivial
representations of dimension less than K. Let X,Y,Z C T'. Suppose |X||V]|Z| > [T° /K.
Then XYZ = T (i.e., every element of ' can be expressed as xyz for some (z,y,2) €
X xY xZ).

Prove that for every positive integer d and real € > 0, there is some constant ¢ > 0 so that
every n-vertex d-regular graph has at least cn eigenvalues greater than 2v/d — 1 — e.

(Full credit will be awarded for proving the weaker statement that > cn eigenvalues have absolute value
>2/d—1-— €.)

Show that for every d and r, there is some ¢ > 0 such that if G is a d-regular graph, and
S C V(QG) is such that every vertex of G is within distance r of S, then the top eigenvalue of

the adjacency matrix of G — S (i.e., remove S and its incident edges from G) is at most d — e.

E. GrRAPH LIMITS

Zero-one valued graphons. Let W be a {0, 1}-valued graphon. Suppose graphons W,, satisfy
|\Wyp — W5 — 0 as n — oco. Show that ||W,, — W|; = 0 as n — oo.

Define W: [0,1]?> — R by W (x,y) = 2cos(2m(x — y)). Let F be a graph. Show that t(F, W)
is the number of ways to orient all edges of F' so that every vertex has the same number of
incoming edges as outgoing edges.

Weak regularity decomposition. The following exercise offers alternate approach to the weak
regularity lemma. It gives an approximation of a graphon as a linear combination of < ¢~2
indictor functions of boxes. The polynomial dependence of e 2 is important for designing

efficient approximation algorithms.
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(a) Let e > 0. Show that for every graphon W, there exist measurable Sy, ..., Sk, T1,..., T C
[0,1] and reals a1, ...,ar € R, with & < ¢~2, such that

<e.
O

k
W — Z ailsiXTi
=1

The rest of the exercise shows how to recover a regularity partition from the above
approximation.

(b) Show that the stepping operator is contractive with respect to the cut norm, in the sense
that if W: [0,1]? — R is a measurable symmetric function, then |[Wp|o < |[W|o.

(c) Let P be a partition of [0, 1] into measurable sets. Let U be a graphon that is constant
on S x T for each S, T € P. Show that for every graphon W, one has

W —Wp|lo < 2|W - Ulo.

(d) Use (a) and (c) to give a different proof of the weak regularity lemma (with slightly worse
bounds than the one given in class): show that for every e > 0 and every graphon W,
there exists partition P of [0, 1] into 20(1/¢*) measurable sets such that |W — Wp|o < e.
E4. Second neighborhood distance. Let W be a graphon. Define Ty, : [0,1] — [0, 1] by

TW,x(Z) = 0.1] W(CU, y)W(y7 Z) dy

(This models the second neighborhood of x.) Let 0 < e < 1/2. Prove that if a finite set
S C [0, 1] satisfies

|Tw,s — Tl > € for all distinct s,t € S,

then | S| < (1/€)¢/¢*, where C is some absolute constant.
E5. Show that for every 0 < € < 1/2, every graphon lies within cut distance at most € from some
graph on at most C/ * vertices, where C' is some absolute constant.
psb E6. Inverse counting lemma. Using the compactness of the graphon space and the uniqueness of
moments theorem, deduce that for every € > 0 there exist > 0 and integer £ > 0 such that
if U and W are graphons with

|t(F,U) —t(F,W)| <n whenever v(F) <k,

then og(U, W) <e.
E7. Generalized mazimum cut. For symmetric measurable functions W, U: [0,1]? — R, define

CW,U) = Sip(W, U?) = Sgp/W(w,y)U(qb(ﬂf), é(y)) ddy,

where ¢ ranges over all invertible measure preserving maps [0, 1] — [0, 1]. Extend the defini-

tion of C(+,-) to graphs by C(G,-) := C(Wg, ), etc.

(a) Is C(U,W) continuous jointly over pairs (U, W) of graphons with respect to the cut
norm? Is it continuous in U if W is held fixed?

(b) (Key part of the problem) Show that if W; and Wy are graphons such that C(W1,U) =
C(W>,U) for all graphons U, then og(Wip, Wa) = 0.
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(c) Let G1,Ga,... be a sequence of graphs such that C(G,,,U) converges as n — oo for
every graphon U. Show that G1,Go, ... is convergent.

(d) Can the hypothesis in (c) be replaced by “C(G,,, H) converges as n — oo for every graph
H?

(a) Let Gy and G be two graphs such that hom(F,G1) = hom(F, G2) for every graph F.
Show that G and G5 are isomorphic.

(b) Let G and G2 be two graphs such that hom(G1, H) = hom(Gq, H) for every graph H.
Show that G and G5 are isomorphic.

F. GRAPH HOMOMORPHISM INEQUALITIES

Recall some definitions. A graph F' is said to be
o Sidorenko if t(F,W) > t(Ko, W)*¥) for all graphons W
e forcing if every graphon W with t(F, W) = t(Ko, W)*¥) is a constant graphon;
e common if t(F,W) + t(F,1 — W) > 27¢(F)+1 for all graphons W.

F1.
ps5 F2.

ps5 F3.

F4.
F5.
F6.

F7.

F8.

F9.
F10.

Prove that Cy is Sidorenko.
Prove that ()3, the skeleton of the 3-cube, shown below, is Sidorenko.

Prove that K is common, where K is K4 with one edge removed (a.k.a. diamond).

<>

Prove that every forcing graph is bipartite and has at least one cycle.
Prove that every forcing graph is Sidorenko.
Forcing and quasirandomness. Show that a graph F' is forcing if and only if for every constant

p € [0, 1], every sequence of graphs G = G,, with
t(Ky,G)=p+o(1) and  t(F,G)=p"") +0(1)

is quasirandom.
Forcing and stability. Show that a graph F' is forcing if and only if for every ¢ > 0, there
exists 6 > 0 such that if a graph G satisfies t(F, G) < (K2, G)*F) + 5, then dn(G,p) < e.
Tensor power trick. Let F be a bipartite graph. Suppose there is some constant ¢ > 0 such
that

t(F,G) > ct(Ky, @)Y for all graphs G.
Show that F' is Sidorenko.
Prove that K, is forcing whenever s,t > 2.
A lower bound on clique density. Show that for every positive integer » > 3, and graphs G,
writing p = t(Kq, W),

tKr, W) 2 p(2p—1)Bp—2) - ((r = 1)p—(r—2)).

Note that this inequality is tight when W is the associated graphon of a clique.
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Prove there is a function f: [0,1] — [0,1] with f(z) > 2% and lim,_,o f(7)/2? = oo such that
HKy,G) = [(H(K3,G))

for all graphs G. Here K is K4 with one edge removed.
Let F' be the 3-graph with 10 vertices and 6 edges illustrated below (with each line denoting
an edge). Prove that the hypergraph Turan density of F' is 2/9.

Ay

Cliquey edges. Let n,r,t be nonnegative integers. Show that every n-vertex graph with at
least (1 — %)”—22 + t edges contains at least rt edges that belong to a K, 1.

Mazimizing K12 density. Prove that, for every p € [0,1], among all graphons W with
t(Ko, W) = p, the maximum possible value of ¢(K7 2, W) is attained by either a “clique” or a
“hub” graphon, illustrated below.

0 a 1 0 a 1
1

1 a

a 0
0
1 1
clique graphon hub graphon
W(xvy) = 1max{z,y}§a W($7y) = 1min{z,y}§a

G. FORBIDDING 3-TERM ARITHMETIC PROGRESSIONS

Fourier uniformity does not control 4-AP counts. Let
A={zxeFy:z -z =0}

Prove that
(a) |A] = (571 4 0(1))5™ and [14(r)| = o(1) for all r # 0
wns SS‘[H?{) Uty
(b) H(z,y) €F5 o,z +y,x +2y,x + 3y € A} # (57" + o(1))5°".
Fourier uniformity does not control /-AP counts. Fix 0 < a < 1. Let

A={z€Z/NZ: (z° mod N) € [0,aN]}.

Prove that, for every sufficiently small o and as N — oo along primes,
(a) |A| = (¢ +0o(1))N and maxrﬂ)\a(r)\ =o(1);
() |(z,y) € Z/NZ: x,x +y,x +2y,x + 3y € A| # (a* + o(1)) N2,
Linearity testing. Show that for every prime p there is some C}, > 0 such that if f: F} — F),
satisfies
Poyerp (f(2) + f(y) = f(z+y)) =1—¢

then there exists some a € IF; such that

Prern (f(z) = a-2) > 1= Cpe.
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In the above IP expressions = and y are chosen i.i.d. uniform from Fj.
G4. Gowers U? uniformity norm. Let f: F, — C. Define

1/4

1l = (Beyyery f@) @+ ) f@+ ) (@ +y+1)

(a) Show that the expectation above is always a nonnegative real number, so that the above
expression is well defined. Also, show that || f[|;2 > [Ef].
(b) (Gowers Cauchy-Schwarz) For f1, f2, f3, fa: Fjy — C, let

(fi: f2, f3, f1) = Bayyyemn fr(2) fo@ + y) fs(z + ¢/) falz + y + ¢).

Prove that

(1, f2, f3, fa)| < L fally ([ f2llz 13l [ fallye -
(c) (Triangle inequality) Show that

1+ glloz < 1 Fllo> + llgllu=-

Conclude that || ||;2 is a norm.
(q) Addy -resur[iynuu st (¥ ‘€[ T/ ‘1[) pey) 9joN :jUIH
(d) (Relation with Fourier) Show that

£ lloz = 11 Flee-

Furthermore, deduce that if || f|| ., <1, then

£l < I flle < IIFIM2.

(The second inequality gives a so-called “inverse theorem” for the U? norm: if || f||y2 > &
then |f(r)| > 62 for some r € F. Informally, if f is not U 2_uniform, then f correlates
with some exponential phase function of the form z — w™?.)

G5. Gowers U? uniformity norm. Let f: F, — C. Define

HﬂMMZ<Ewummﬂ@f@+yﬁﬂx+yﬁﬂw+m%~

1/8
¢m+m+mﬁm+m+wﬁu+w+mvm+m+w+m0 .

Alternatively, for each y € Iy, define the multiplicative finite difference A, f: F) — C by

Ay f(x) = f(x)f(z +y). We can rewrite the above expression in terms of the U? uniformity

norm from the previous exercise as
8 4
1flgs = Eyerg 1Ay fllr2 -

You should convince yourself that the above two definitions for || f|;s coincide and give
well-defined nonnegative real numbers.
(a) (Monotonicity) Also, show that

Hf”U2 S Hf”US .
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(b) (Separation of norms) Let p be odd and f: F) — C be defined by f(z) = e2miea/p,
Prove that ||f||;s = 1 and || |2 = p~™/%.
(c) (Triangle inequality) Prove that

1+ glls < [1Fllgrs + llglls -

Conclude that || ||;;s is a norm.
(d) (U? norm controls 4-APs) Let p > 5 be a prime, and f1, fa, f3, fa: Fy — C all taking

values in the unit disk. We write

A(f1s f2, f3, f1) = Eqyerp f1(@) f2(x + y) f3(x + 2y) fa(z + 3y).

Prove that
‘A(fla f2a f37 f4)‘ < msin ”f8||U3 :
Furthermore, deduce that if f, g: F — [0, 1], then

’A(fva.ﬂf) _A(g?gagag” §4||f_g||U3

‘zremypG—Ayone)) Adde A[pejesdor pue ozlrejowrered-oy U
Counting solutions to a single linear equation.
(a) Given a function f: Z — C with finite support, define f: R/Z — C by
Ft) =" f(nye=>mm.
neZ
Let ¢1,...,cp € Z. Let A C Z be a finite set. Show that

1
{(a1,...,ax) € A*: cray + - + cpap = 0} = / la(eit)la(eat) - -~ 1a(ext) dt.
0

(b) Show that if a finite set A of integers contains 3 |A|* solutions (a, b, ¢) € A3 to a+2b = 3c,
then it contains at least 32 |A|* solutions (a,b,c,d) € A% to a +b=c+d.

Let a1,...,am,b1,...,bm,c1,...,cn € Fy. Suppose that the equation a; + b; 4 ¢ = 0 holds
if and only if i = j = k. Show that there is some constant ¢ > 0 such that m < (2 — ¢)” for
all sufficiently large n.

Sunflower-free subset. Three sets A, B,C form a sunflower ift ANB=BNC =ANB =
AN BNC. Prove that there exists some ¢ > 0 such that if F is a collection of subsets of [n]
without a sunflower, then |F| < (3 — ¢)" provided that n is sufficiently large.

H. STRUCTURE OF SET ADDITION

Show that for every real K > 1 there is some Ck such that for every finite set A of an abelian

group with |A + A| < K |A|, one has [nA| < n® |A] for every positive integer n.

(You may not quote Freiman’s theorem for abelian groups, which we did not prove.)
‘uetodxe popunoq yjm sdnoIs ur Weioet3 s, UL JO jooid oy MOIARY UIL]

Show that there is some constant C' so that if .S is a finite subset of an abelian group, and k

is a positive integer, then |2kS| < C!5!|kS|.
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Show that for every sufficiently large K there is there some finite set A C Z such that
|A+ Al < K|A| and |[A — A] > K19 |A].

Loomis—Whitney for sumsets. Show that for every finite subsets A, B, C in an abelian group,
one has

|A+B+C? <|A+B||A+C||B+C]|.
Sumset versus difference set. Let A C Z. Prove that |A — A|2/3 <|A+ Al <]A- A|3/2.
Another covering lemma. Let A and B be finite sets in an abelian group satisfying |A + A| <
K |A] and |A+ B| < K'|B|. Show that there exist some set X in the abelian group with
| X| = O(Klog(KK')) so that A C XX + B — B, where XX denotes the set of all elements
that can be written as the sum of a subset of elements of X (including zero as the sum of the
empty set).
" + D soyeIsURI} JUIOSIP 37g Surpuy js1y A17, JuIy

Modeling arbitrary sets of integers. Let A C Z with |A| = n.

(a) Let p be a prime. Show that there is some integer ¢ relatively prime to p such that

lat/pllr/z < p~ /" for all a € A.

(b) Show that A is Freiman 2-isomorphic to a subset of [N] for some N = (4 + o(1))".

(c) Show that (b) cannot be improved to N = 22,

(You may use the fact that the smallest prime larger than m has size m + o(m).)

Sumset with 3-AP-free set. Let A and B be n-element subsets of the integers. Suppose A is
3-AP free. Prove that |A + B| > n(loglogn)'/1% provided that n is sufficiently large.

‘OUOTR URWIDL] 9ARIT IO} ‘[opou eszny] ‘bour ospouun( ‘bour o[Suer) esznyy :jurf]
3-AP-free subsets of arbitrary sets of integers. Prove that there is some constant C' > 0 so
that every set of n integers has a 3-AP-free subset of size at least ne~Cviogn,

Bogolyubov with 3-fold sums. Let A C ) with [A| = ap™. Prove that A+ A+ A contains a
translate of a subspace of codimension O(a™3).
Slightly better bounds on Bogolyubov. Let A C Fy with |A| = a2™.
(a) Show that if |A + A| < 0.99-2", then there is some r € F}\ {0} such that [14(r)| > ca3/?
for some constant ¢ > 0.
(b) By iterating (a), show that A+ A contains 99% of a subspace of codimension O(a~'/2).
(¢) Deduce that 44 contains a subspace of codimension O(a~'/2) (i.e., Bogolyubov’s lemma
with better bounds than the one shown in class)
Approzimate homomorphism. Prove that for every e¢ > 0 there exists § > 0 such that if

¢: Fy — 3 is a map satisfying
Px,y,z(¢(x) + ¢($ +y+ Z) = QZ)(CC + y) + QZS(QZ + Z)) > €,

(here z,y, z € F4 are chosen uniformly and independently at random) then there exists some
homomorphism 1 : F§ — F7" and an element b € F5* such that P,(¢(x) = ¢ (z) +b) > 6.

pj0{a>x: ((x)¢‘r)} ydeil, oyj jo £310U0 SATYIPPR oY) IOPISUO)) :JUTH
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