PROBLEMS ON INEQUALITIES

. Let a be a real number and n a positive integer, with @ > 1. Show that

n—1

a”—lzn(a%ﬂ—a7>.
. Let ; >0 fori=1,2,...,n. Show that

11 1 )
(Trd o+ taz,) | —+— 4+ — | >0

T i) Tn
. For p > 1 and ay,as, ..., a, positive, show that
" fagFay o+ a p< P piap
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. Ifa, >0forn=12,..., show that
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provided that >~ | a, converges.

. Let 0 < x < w/2. Show that

. 1,
r—sine < =zx°.
6
. Show that . ) )
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. Let
a; Qs Qp
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be n fractions with b; > 0 for ¢ = 1,2...,n. Show that the fraction

ay +ao + -+ a,
bi+bo+ -+ by

is contained between the largest and smallest of these n fractions.

. Forn=1,2,3,... let
~1000™
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Find the largest term of the sequence.
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11.

12.

13.

14.

15.

16.

17.

18.

Suppose that aq,as,...,a, with n > 2 are real numbers greater than —1, and all the

numbers a; have the same sign. Show that

(1+a)(1+as) - (1+a,) >1+a+as+ - +ay.

Show that
1 3 5 2n —1 1

= < .
2 46 2n Van+1

Prove Chebyshev’s inequality: 1f a1 < ay < --- < a, and by < by < --- < b, then

1 < 1 < I
— a — b | < — by
(3a) (13n) < i3 an
k=1 k=1 k=1
Generalize to more than two sets of increasing sequences.

Let n be a positive integer larger than 1, and let a > 0. Show that

ltata’+---+a" _n+tl
a+a’+at+---4+a T n—-1

Show that if a > b > 0, then A < B, where

A_1+a+---+a”*1 144+
l4a+-+ar T T T4bt+ b
Let x > 0, and let n be a positive integer. Show that
" 1

< :
l+x4+a22+---+a2 = 2n+1

Let a,b >0, a+b=1, and ¢ > 0. Show that

1\ 1\?_ 5
(a+5) +(b+5> > S

Let x,y > 0 with x # y, and let m and n be positive integers. Show that

xmyn _|_xnym < mern +ym+n
Let x > 0 but x # 1, and let n be a positive integer. Show that
e <2t L

Let a > b > 0, and let n be a positive integer greater than 1. Show that

a— Vb < Va—b.
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Let a > b > 0, and let n be a positive integer greater than 1. Show that for £ > 0,

Var + kn — /bn + kn < a —b.

Let x > 0, and let m and n be real numbers such that m > n > 0. Show that

1 — gmtn

1 > 2
(m+n)(1+2™)>2n T

Let a; > 0for 1 <i<mn,andlet )" a; =1. Let 0 <z; <1 for 1 <i<n. Show

that )
a a a
2 < — .
1+z;, 14z 1+z, = 1+a7'xy? 20
If ay,...,a,41 are positive real numbers with a; = a,,41, show that
- a a
i > i+l
Z (%’H) Z

i=1

Let {ay,as,...,a,} and {by,bo, ... ,b,} be two sets of real numbers with by > by >
->b,>0. Put sp =a;+as+---+a, for k=1,2,...,n; and let M and m denote

respectively the largest and smallest of the numbers sy, so, ..., s,. Show that

m61 S Zalbl S Mbl

i=1
Show that for any real numbers aq, as, ..., a,,

(£2) 55,

i=1 i=1 j=1

Let f and g be real-valued functions defined on the set of real numbers. Show that

there are numbers x and y such that 0 <z <1, 0 <y <1, and
lwy — f(z) — g(z)| = 1/4.

Let ¢ > 0. Show that
t*—at<l—0qa, if0<ax<l

and
t*—at>1—a, ifa>1.
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31.

32.
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Show that for any real number x and any positive integer n we have
n

Zsmkkza: <ovm.

k=1
Show that if x is larger than any of the numbers a4, as, ..., a,, then
1 1 1 n
_I_ _I_ st + Z 1 .
rT—a, T —a T—a, T — (e +ay+--+ay)
Show that
n n n
SO A e [0 < v,
Let y = f(x) be a continuous, strictly increasing function of x for x > 0, with f(0) = 0,

and let f~! denote the inverse function to f. If a and b are nonnegative constants,

then show that )
ab< [ swist [ 1wy
0 0
Show that for £ > 1 and s > 0,

ts <tlogt—t+e’.

Let a1 /by, as/by, ..., with each b; > 0, be a strictly increasing sequence. Let
Aj:a1+a2—|—---+aj, and B]:bl—f—bg—i-—f—b]

Show that the sequence A;/B;, Ay/Bs, ... is also strictly increasing,.

Let m, n be positive integers, and let aq,as,...,a, be positive real numbers.

1=1,2,3... put a,4; = a; and
bi = Git1+ Qiva + -+ + Qi

Show that
m”a1a2 sy < biby - bn7

except if all the a; are equal.

Let aq,as, ..., a, be real numbers. Show that
min(a; — a;)* < M* (@} + -+ +a3) .
1<)
where
A2 — 12
n(n?—1)

For
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40.
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Let  and a be real numbers, and let n be a nonnegative integer. Show that

|z — al"|z + na| < (27 + naz)(nﬂ)/2 :

Given an arbitrary finite set of n pairs of positive real numbers {(a;,b;) : i =1,2,...,n},

show that .
H (ra; + (1 —x)b <max{Hal, Hb}

=1

for all x € [0,1]. Equality is attained only at x = 0 or = 1, and then if and only if

(o) ()=
=1 i=1

Show that if m and n are positive integers, then the smallest of the numbers {/m and

/n cannot exceed /3.

Show that if a > 2 and z > 0, then a® + a/* < a®t'/*_ with equality holding if and
only if a =2 and x = 1.

Show that if ; > 0 fori=1,2...,nand > <1, then > 277 < 1.

1= 11+x

Let 0 <a; <1lfori=1,2,...,n, and put ) ", a; = A. Show that

" nA
Zl—aizn—A’

i=1

with equality if and only if all the a; are equal.

m()=(2=2)"

Show that for n > 2,

Let by, ...,b, be any rearrangement of the positive numbers aq, ..., a,. Show that
aq Qp
by b, —

Given that Y " | b; = b with each b; a nonnegative number, show that

Zb b]+1<—
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45.

46.
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48.

49.

50.

ol.

Letn>2and 0 <2y <y < -+ <z, <1. Show that
n

03
k=1

n
} : k=1
T +NriTo - Ty

3

Let f be a continuous function on the interval [0, 1] such that 0 < m < f(z) < M for
all z in [0,1]. Show that

() ([ o) = 25

Let x > 0 and x # 1. Show that

log x 1
<

r—1 = x

log © - 1+2'/3

r—1 — a4+l

Let 0 < y < z. Show that
Tty r—y

2 logxz —logy

Let z > 0. Show that
z+1 1
< log <

2
2$+1 X w/x2_|_x‘
LetSn:1+%+%+---+%. Show that

1
14+n)/"—1 1— 1)~/ — .
n{(l+n) <S8, <n{ (n+1)" n—i—l}

Let z > 0 and y > 0. Show that

1—e Y 1 1
(x+y)(l—e=)(1—evY) zy~ 12

Let a, b, ¢, d, e, and f be nonegative real numbers satisfying
a+b<e and c+d<f.

Show that

Vac+Vbd < \/ef.
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99.

Show that for x > 0 and x # 1,

xlogx
2 -1

0< <

N | —

Show that for x > 0,
z(2+ cosz) > 3sinz.

Show that for 0 < x < 7/2,
2sinx + tanx > 3x.

Let > 0, x # 1, and suppose that n is a positive integer. Show that

r—1
xn—1

1
r+— >2n
xTL

Let a be a fixed real number such that 0 < a < 1, and let k£ be a positive integer

satisfying the condition k£ > (3 +a)/(1 — a). Show that
1

>1+4+a

n+n+1+.“+nk—1

for any positive integer n.

Let a and b denote real numbers, and let r satisfy » > 0. Show that
la+0[" < ¢ (Ja]" +[b]),

where ¢, =1 forr <1 and ¢, =2"! for r > 1.

Let 0 < b < g. Show that

1(a—b)? a+b 1(a—0b)?
- < — e
8 a - 2 Vab < 8 b
Consider any sequence ay, as, ... of real numbers. Show that
Sas 23 (2)"
n=1 \/g n=1 n
where

oo
Ty = E a.
k=n

(If the left-hand side of (6) is oo, then so is the right-hand side.)

~—



60. Let a, b, and x be real numbers such that 0 < a < b and 0 < x < 1. Show that
1—ab \° 1—a%\*
1 — gpatd > 1 — gpatb ’

—<al-e+4qaql-a < 1.
e

61. Let 0 < a < 1. Show that

62. Let 0 < 2 < 27. Show that

T

1 - 1
—?can% SZsinka §COt4

k=1

63. Let 0 <ap <1fork=1,2,...,n, with ay +as +--- 4+ a, < 1. Show that

%>H(1+ak)>1+2ak
I_Zak k=1 k=1

and

64. Show that

where ¢ is real, n is a positive integer, and

wt) = (t—1)(t—2)-(t—n+1).



